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A NOTE ON THE PENTAGRAM MAP AND TROPICAL
GEOMETRY
TSUYOSHI KATO
1. Pentagram map
Theory of the pentagram map consists of a beautiful integrable system, which
was originally initiated by R.Schwartz from the view point of the dynamical system
on the set of convex polygons in projective geometry. Given an n-gon, the result
of the action called the pentagram map, is also another n-gon given by the convex
hull of the intersection points of consecutive shortest diagonals. These polygons will
shrink to a point after many compositions, on the other hand if one considers the in-
duced action on the set of convex polygons modulo projective transformations, then
many interesting phenomena appear. It was extensively developed by V.Ovsienko-
R.Schwartz-S.Tabachnikov, who discovered that the most canonical object from the
view point of projective geometry is the twisted polygons.
From the view point of integrable system, the moduli space of twisted n-gons
modulo projective transformations constitutes complete feature, which equips with
the canonical Poisson structure, Casimirs and the integrals with the Hamiltonian,
which commute with the pentagram map. Moreover on the open subset consisted
by the universally twisted n-gons, the level set of the Hamiltonian is compact so
that Liouville-Arnold-Jost theory can be applied.
From the view point of scale transform, the continuous limit of the pentagram
map T turns out to be the Boussinesq equation in integerble systems. In the
opposite direction to the scaling limit, we use tropical geometry which is a scale
transform between dynamical systems and provides with a correspondence between
automata and real rational dynamics. It allows us to study two very different
dynamical systems at the same time and to induce some uniform analytic estimates
by a comparison method. It eliminates detailed activities on rational dynamics and
extracts framework of their structure in automata.
In this note we study dynamical properties of the moduli spaces of twisted poly-
gons in tropical geometry, and induce quasi-recursiveness of the pentagram map,
which allows errors from periodicity but within uniformly bounded amount that
are independent of the choice of initial values.
Corresponding to the pentagram map, the pentagram automaton gives the dy-
namics whose orbits lie on the lower dimensional polytopes which is a tropical
variety. As a future plan, it would be of interests for us to study the pentagram
map form the view point of the interplay between integrable systems and tropical
algebraic geometry.
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1.1. Twisted polygons. We refer to [6, 7, 8, 9] on foundations on theory of the
pentagram map. Here we quickly review some of the structure.
Let Pn be all the set of convex n-gons on the plane, and denote the action
T : Pn → Pn given by the convex hull of the intersection points of consecutive
shortest diagonals.
A transformation that maps lines to lines is called a projective transformation.
Any projective transformation is given by a regular 3 by 3 matrix in homogeneous
coordinates. Any projective transformation acts on Pn, which commutes with T .
Let us denote Cn = Pn/ ∼, where ∼ is given by projective transformations, and
denote the induced action by:
T : Cn → Cn.
A twisted n-gon is a map φ : Z→ RP 2 which satisfies the equalities:
φ(k + n) =M ◦ φ(k) (k ∈ Z)
for some projective automorphism M called monodromy. φ(k) correspond to ver-
tices on polygons, and so M should be the identity for an untwisted polygon.
Let us put vi = φ(i). Two twisted n-gons φ1, φ2 are equivalent, if there is another
projective transformation Ψ such that Ψ◦φ1 = φ2 holds. Two monodromies satisfy
the relation M2 = ΨM1Ψ
−1.
The pentagram map acts on the set of twisted polygons.
Definition 1.1. Let us denote by Pn the space of twisted n-gons modulo equiva-
lence, and denote the action by the pentagram map on it:
T : Pn → Pn.
The pentagram maps is not fully defined on Pn, but surely it does generically.
1.2. Canonical coordinates. Let us recall the cross ratio which is a classical
invariant in projective geometry. log of the cross ratio can also be used to describe
the hyperbolic distance on the upper half plane. For t1, . . . , t4 ∈ R, the cross ratio
is given by:
[t1, t2, t3, t4] =
(t1 − t2)(t3 − t4)
(t1 − t3)(t2 − t4)
.
It is well known that it is invariant under PGl2(R) action.
Definition 1.2. The canonical coordinate is given by:
zi = [vi−2, vi−1, ((vi−2, vi−1) ∩ (vi, vi+1)), ((vi−2, vi−1) ∩ (vi+1, vi+2))],
wi = [((vi−2, vi−1) ∩ (vi+1, vi+2)), ((vi−1, vi) ∩ (vi+1, vi+2)), vi+1, vi+2]
where (v, v′) is the line through v and v′.
The next theorem gives the basic coordinates on the moduli space of the twisted
polygons. Later we study dynamical property of the pentagram map passing
through the coordinate.
Theorem 1.1 (6). (1) The assignment:
Φ : Pn → R
2n
given by
φ→ {(z1, . . . , zn), (w1, . . . , wn)}
gives a generic coordinate so that it gives the local diffeomorphism.
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(2) The Pentagram map is given by:
T (zi, wi) = (zi
1− zi−1wi−1
1− zi+1wi+1
, wi+1
1− zi+2wi+2
1− ziwi
).
2. Main theorem
We us use the metric on Rn given by:
d((x1, . . . , xn), (x
′
1, . . . , x
′
n)) ≡ max
1≤i≤n
{|xi − x
′
i|}
which is quasi-isometric to the standard one.
Definition 2.1. The dynamical system:
ϕ : R2n → R2n
given by the formula mod n:
ϕ
(
xi
yi
)
=
(
xi +max(0, xi−1 + yi−1)−max(0, xi+1 + yi+1)
yi+1 +max(0, xi+2 + yi+2)−max(0, xi + yi)
)
is called the pentagram automaton.
Later we will see that the pentagram map is a kind of the dynamical framework
for the pentagram map, which can be seen at infinity (remark 3.3).
For k ≥ 1, let us put all the periodic points of the pentagram automaton:
Perk = {(x¯, y¯) ∈ R
2n : ϕk(x¯, y¯) = (x¯, y¯)}.
Then for t > 1, we put:
˜Perk = ∪t>1{(t
x1 , . . . , txn , ty1 , . . . , tyn) : (x1, . . . , xn, y1, . . . , yn) ∈ Perk} ⊂ R
2n
>0.
Definition 2.2. The quasi-periodic points of the pentagram map is given by:
Perk = {(−t
x1, . . . ,−txn , ty1 , . . . ,tyn) ∪ (tx1 , . . . , txn ,−ty1 , . . . ,−tyn) :
(tx1 , . . . , txn , ty1 , . . . , tyn) ∈ ˜Perk}
for all t > 1.
Lemma 2.1. Let us put B¯n = {(z¯, w¯) ∈ R
2n
>0 : 0 < ziwj ≤ 1}. Then we have the
inclusion:
Dn = {(z¯, w¯) : (z¯,−w¯) ∈ B¯n} ∪ {(z¯, w¯) : (−z¯, w¯) ∈ B¯n} ⊂ Pern.
Proof: The inclusion Bn = {(x¯, y¯) : xi + yj ≤ 0} ⊂ Pern is satisfied, since
ϕl(xi, yi) = (xi, yi+l) hold for all l.
Then the condition xi + yj ≤ 0 is equivalent to 0 < t
xityj ≤ 1.
This completes the proof.
Our main result is the following:
Theorem 2.2. Let φ be a twisted n-gon and (z¯0, w¯0) ∈ Perk be any initial value.
Let us consider the orbit by the Pentagram map T and denote:
Tm(z¯0, w¯0) = (z
m
1 , . . . , z
m
n , w
m
1 , . . . , w
m
n ).
Then the uniform estimates hold for 1 ≤ i ≤ n:
0 < |
zi
zki
|±1, |
wi
wki
|±1 ≤ 4(5
k−1)/4.
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At infinity of the pentagram map, we can see the discrete integrable systems. We
have an application of integrability of the pentagram map passing through tropical
transform:
Theorem 2.3. Any orbits of the pentagram automaton ϕ : R2n → R2n lie generi-
cally on the 2[n+12 ]− 2 dimensional polytopes.
The proofs of the above two theorems are given in the next section.
Remark 2.4. There are particular class of twisted n-gons called universally convex
n-gons. Let Un be the set of universally convex twisted n-gons modulo projective
equivalence. It is known to be open in Pn and is invariant under the action T .
Combination of theorem 2.2 with 2.4 below suggest the ‘sizes’ of the invariant tori,
which cannot be so ‘large’ compared to the action of the pentagram map. One might
expect to obtain suitable notions concerning this.
Theorem 2.5 (6). Almost every point on Un lies on a smooth torus that has
T -invariant affine structure.
This follows from complete integrability overUn applied to Arnold-Liouville-Jost
theorem.
3. Tropical geometry
3.1. Tropical transform. A relative (max,+)-function ϕ is a piecewise linear
function of the form:
ϕ(x¯) = max(α1 + a¯1x¯, . . . , αm + a¯mx¯)−max(β1 + b¯1x¯, . . . , βl + b¯lx¯)
where a¯kx¯ = Σ
n
i=1a
i
kxi, x¯ = (x1, . . . , xn) ∈ R
n, a¯k = (a
1
k, . . . , a
n
k ), b¯k ∈ Z
n and
αk, βk ∈ R. Notice that ϕ is Lipschitz.
We say that the integer M ≡ ml is the number of the components.
For each relative (max,+) function ϕ as above, we associate a parametrized
rational function, which we call the relative elementary function:
ft(z¯) =
Σmk=1t
αk z¯a¯k
Σlk=1t
βk z¯ b¯k
(z¯ = (z1, . . . , zn) ∈ R
n
>0)
where z¯a¯k = Πni=1z
aik
i . Notice that ft take positive values.
These two functions ϕ and ft are connected passing through some intermediate
functions ϕt, which we describe shortly below. For t > 1, there is a family of
semirings Rt which are all the real number R as sets. The multiplications and the
additions are respectively given by:
x⊕t y = logt(t
x + ty), x⊗t y = x+ y.
As t→∞ one obtains the equality x⊕∞ y = max(x, y).
By use of Rt as coefficients, one has relative Rt-polynomials:
ϕt(x¯) = (α1 + a¯1x¯)⊕t · · · ⊕t (αm + a¯mx¯)− (β1 + b¯1x¯)⊕t · · · ⊕t (βl + b¯lx¯)
The limit is given by the relative (max,+) function above:
lim
t→∞
ϕt(x¯) = ϕ(x¯).
Let us put Logt : R
n
>0 → R
n by (z1, . . . , zn)→ (logt z1, . . . , logt zn). Then ϕt and ft
satisfy the following relation, which can be verified by a straightforward calculation.
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Proposition 3.1 (4,5,10). ft ≡ (logt)
−1 ◦ ϕt ◦ Logt : R
n
>0 → (0,∞) is the relative
elementary function ft(z¯) = Σ
m
k=1t
αk z¯a¯k/Σlk=1t
βk z¯ b¯k .
These three functions ϕ, ϕt and ft admit one to one correspondence between
their presentations. We say that ϕ is the corresponding (max,+)-function to ft.
Let us introduce the numbers, which satisfy the relation cPN (c) + 1 = PN+1(c):
PN (c) =
{
cN−1
c−1 c > 1,
N c = 1.
3.2. Discrete dynamical systems. Let us consider the discrete dynamical sys-
tems F : R2n>0 → R
2n
>0 which is conjugate to the pentagram map, given by:
F (zi, wi) = (zi
1 + zi−1wi−1
1 + zi+1wi+1
, wi+1
1 + zi+2wi+2
1 + ziwi
) (1 ≤ i ≤ n).
Let us consider its tropicalization with the intermediate function:
ϕ, ϕt : R
2n → R2n
given by:
ϕt(x¯, y¯) =
(
xi ⊗t (0 ⊕t xi−1 ⊗t yi−1)− 0⊕t xi+1 ⊗t yi+1
yi+1 ⊗t (0⊕t xi+2 ⊗t yi+2)− 0⊕t xi ⊗t yi
)
where ϕ is the pentagram automaton.
Let us denote the orbits with the same initial value by:
ϕl(x1, . . . , xn, y1, . . . , yn) = (xl,1, . . . , xl,n, yl,1, . . . , yl,n)
ϕlt(x1, . . . , xn, y1, . . . , yn) = (x
′
l,1, . . . , x
′
l,n, y
′
l,1, . . . , y
′
l,n)
Let (z¯, w¯) ∈ R2n>0 be an initial value, and consider the orbit:
F l(z¯, w¯) = (z¯l, w¯l).
Lemma 3.2 (1). (1) Let M be the number of the components. Then:
sup
q¯∈R2n
|ϕ(q¯)− ϕt(q¯)| ≤ logtM.
(2) Suppose the initial condition satisfies the relation:
xi = logt zi, yi = logt wi
for all 1 ≤ i ≤ n. Then the equalities hold:
x′i,l = logt zi,l, y
′
i,l = logt wi,l
for all l ≥ 0.
Proof: (2) follows from proposition 3.1.
For convenience, we give a proof for (1). We show the estimates:
|a1 ⊕t · · · ⊕t am −max(a1, . . . , am)| ≤ logtm.
Assume a1 = max(a1, . . . , am). Then:
a1 ⊕t · · · ⊕t am = logt(t
a1 + · · ·+ tam) = logt(t
a1(1 + ta2−a1 + · · ·+ tam−a1))
= a1 + logt(1 + t
a2−a1 + · · ·+ tam−a1)
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Since ai − a1 ≤ 0 are non positive, the estimates hold:
logt(1 + t
a2−a1 + · · ·+ tam−a1) ≤ logtm.
Remark 3.3. It follow from proposition 3.1 and lemma 3.2 that the pentagram
automaton lies at infinity of (conjugate of) the pentagram map passing through the
tropical transform.
Proposition 3.4. Let c ≥ 1 and M be the Lipschitz constant and the number of
the components for ϕ respectively. Then the estimates hold:
|xi,l − x
′
i,l|, |yi,l − y
′
i,l| ≤ Pl(c) logtM.
Proof: For simplicity of the notation, let q imply x or y.
Firstly one has the estimates by lemma 3.2:
|qi,1 − q
′
i,1| ≤ logtM
Since ϕ is c-Lipschitz, the estimates hold:
|qi,2 − q
′
i,2| ≤ |ϕ(q¯1)− ϕt(q¯
′
1)| ≤ |ϕ(q¯1)− ϕ(q¯
′
1)|+ |ϕt(q¯
′
1)− ϕ(q¯
′
1)|
≤ c d(q¯1, q¯
′
1) + logtM ≤ (c+ 1) logtM
where the metric d was given in section 2.
Suppose the conclusion holds up to l. Then we have the estimates:
|qi,l+1 − q
′
i,l+1| ≤ |ϕ(q¯l)− ϕt(q¯
′
l)| ≤ |ϕ(q¯l)− ϕ(q¯
′
l)|+ |ϕt(q¯
′
l)− ϕ(q¯
′
l)|
≤ c d(q¯l, q¯
′
l) + logtM ≤ (cPl(c) + 1) logtM = Pl+1(c) logtM.
This completes the proof.
3.3. Proof of theorem 2.2. Let us choose an initial value (z¯, w¯) ∈ ˜Perk and
denote the orbit F l(z¯, w¯) = (z¯l, w¯l).
Let us put the initial value:
xi = x
′
i = logt zi, yi = y
′
i = logt wi
for 1 ≤ i ≤ n. By definition one obtains the periodicity:
ϕk(x¯, y¯) = (x¯, y¯).
Now we have the estimates by proposition 3.3:
d(q¯, q¯′k) ≤ d(q¯, q¯k) + d(q¯k, q¯
′
k) = d(q¯k, q¯
′
k) ≤ logtM
Pk(c).
Since we have the equalities:
|x′i − x
′
i,k| = logt(
zi
zki
)±, |y′i − y
′
i,k| = logt(
wi
wki
)±
and since logt are monotone, we obtain the estimates:
(
zi
zki
)±, (
wi
wki
)± ≤MPk(c).
Recall that the Pentagram map is given by:
T (zi, wi) = (zi
1− zi−1wi−1
1− zi+1wi+1
, wi+1
1− zi+2wi+2
1− ziwi
).
T and F can be transformed by change of the variables:
(z¯, w¯)→ (z¯,−w¯) or (−z¯, w¯)
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In the case of the pentagram map, the number of the component is 4, and the
Lipschitz constant is 3 + 2 = 5. This completes the proof.
3.4. Proof of theorem 2.3. On the pentagram map, there are 2[n2 ] + 2 alge-
braically independent invariants Ok, Ek for 1 ≤ k ≤ [
n
2 ] and k = n.
Let us consider the rational dynamics by F , which is given by exchange of the
variable z to −z. Let us describe the concrete formulas for these invariants, and
introduce the monomials:
Zi = ziwizi+1
We say that Zi and Zj are consecutive, if j ∈ {i− 2, i− 1, i, i+ 1, i+ 2}, Zi and
zj are consecutive, if j ∈ {i− 1, i, i+ 1, i+ 2}, and zi and zi+1 are consecutive.
An admissible monomial is given by:
O = Zi1 . . . Ziszj1 . . . zjr
where no two factors are consecutive. Let us put:
|O| = s+ t, sign (O) = (−1)t
We have similar notions with E by exchanging the role between z and w.
Lemma 3.5 (6). The following list consists of all the conservation quantities:
On = Π
n
i=1zi, En = Π
n
i=1wi,
Ok = Σ|O|=kO, Ek = Σ|E|=k sign (E)E.
Proof of theorem 2.3: Let ϕ, ϕt and F be in 3.2. Let us choose any initial value
(x1, . . . , xl, y1, . . . , yl) and consider the orbits (xl.i, yl.i) and (x
′
l.i, y
′
l.i) for ϕ and ϕ
′
respectively.
Let us put zi = t
xi and wi = t
yi for 1 ≤ n and denote the orbit as (zli, w
l
i) for
F . They satisfy the relations for all l ≥ 1 and 1 ≤ i ≤ n:
x′l,i = logt z
l
i, y
′
l,i = logt w
l
i
There are constants ok > 0 and ek so that the invariants Ok and Ek take constant
values under the action by F .
It follows from the above equalities that the sums:
Σni=1 xl,i = logt cn, Σ
n
i=1 yl,i = logt en
are both constants.
It follows from proposition 3.3 that the estimates hold:
|Σni=1 xl,i| ≤ Σ
n
i=1 |xl,i − x
′
l,i|+ |Σ
n
i=1 x
′
l,i| ≤ nPl(c) logtM + logt cl
|Σni=1 yl,i| ≤ Σ
n
i=1 |yl,i − y
′
l,i|+ |Σ
n
i=1 y
′
l,i| ≤ nPl(c) logtM + logt el
The left hand sides are both independent of t > 1, and hence letting t→∞ on the
right, we obtain the equalities:
Σni=1 xl,i = Σ
n
i=1 yl,i = 0.
So we have induced two independent linear invariants.
Let us denote:
O˜ = Xi1 + · · ·+Xis + xj1 · · ·+ xjr
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where Xi = xi + yi + xi+1, and we put |O˜| ≡ |O| and equip with admissibility by
the same way. Then we take the maximum:
O˜k = max
|O˜|=k
{O˜}
among all the admissible monomials of length k.
These are functions of the variables (x1, . . . , xn, y1, . . . , yn). It follows from
lemma 3.2(1) with the same argument as above, that we have the invariants:
O˜k(xl,1, . . . , xl,n, yl,1, . . . , yl,n) = 0
Let us consider the case of E. Because of the presence of the negative sign, we
need to do some more. Let us rewrite the invariants as:
Ek(1) ≡ Σ|E|=k, sign E=1 E = Σ|E|=k, sign E=−1 E ≡ Ek(−1) + ek
We have similar expressions E˜k(±1). Suppose ek > 0 holds. Then the orbit for
ϕt satisfy the equality:
Ek(1)(t
x′l,1 , . . . , ty
′
l,n) = Ek(−1)(t
x′l,1 , . . . , ty
′
l,n) + tlogt ek .
By letting t→∞, we obtain the equality:
E˜k(1)(xl,1, . . . , yl,n) = max(E˜k(−1)(xl,1, . . . , yl,n), 0).
Now we have the expression of the invariant:

E˜k(1)(xl,1, . . . , yl,n) = max(E˜k(−1)(xl,1, . . . , yl,n), 0) ek > 0
E˜k(1)(xl,1, . . . , yl,n) = E˜k(−1)(xl,1, . . . , yl,n) ek = 0
E˜k(−1)(xl,1, . . . , yl,n) = max(E˜k(1)(xl,1, . . . , yl,n), 0) ek < 0
This completes the prof of theorem 2.3.
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